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9 A particle moves according to the following displacement equation.

x = 2cos(nt)− sin((2n−1)t)

How many rational values of n are there such that x moves in simple harmonic motion?

A. 2

B. 3

C. 4

D. 5

10 The notation a mod b refers to the remainder when a is divided by b. Using this fact, what
is the value of the following limit?

lim
n→∞

1
n3

n

∑
a=1

n

∑
b=1

a mod b

A. 0

B.
1
4

C.
2
3

D. 1
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Question 15 (15 marks) Use the Question 15 Writing Booklet.

(a) Let w be a non-real fifth root of unity.

(i) 1Prove that w is a root of the polynomial z8 + z4 + z2 + z+1 = 0.

(ii) 3Hence, or otherwise, factorise z8 + z4 + z2 + z+1 = 0 into two quartic
factors with integer coefficients.

(b) 3It is given that |z| > |w|, where z and w are complex numbers. Prove the fol-
lowing inequality.

Re
(

z
z−w

)
>

1
2

(c) (i) 2Let θ = tan−1 x+ tan−1 y. Prove the following.

tanθ =
x+ y

1− xy

(ii) 2If tan−1 x+ tan−1 y+ tan−1 z =
π
2
, show the following.

xy+ yz+ zx = 1

(iii) 4Let αn = tan−1 x1 + tan−1 x2 + ...+ tan−1 xn, where n ≥ 1. Using math-
ematical induction, prove the following expression,

tanαn =− Im(βn)

Re(βn)

where βn = (1− ix1)(1− ix2)...(1− ixn)

End of Question 15

Please turn over
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